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Problem 3.26

Consider a three-dimensional vector space spanned by an orthonormal basis |1), |2), |3). Kets |a)
and |3) are given by
la) = i[1) = 2[2) —|3), [B) =i[1) +23).

(a) Construct (a] and (8| (in terms of the dual basis (1], (2], (3]).
(b) Find («|B) and (B|a), and confirm that (8|a) = («|B)*.

(c) Find all nine matrix elements of the operator A = |a)(3|, in this basis, and construct the
matrix A. Is it hermitian?

Solution
With respect to the |1),]2),|3) basis, the 3 x 1 column matrices below represent the given kets.
1
la) =i|l) —2]2) —i|3) = | -2 | =a
—1

B) =iy +23) = (0] =b

N O ~.

Take the hermitian conjugate of these matrices to obtain the corresponding bras.

al = = = (=i -2 i) =—i(l] —2(2| +i(3] = (o
A
bf= (0] =(-i 0 2)=—i(1]+2(3] = (8]

2

Evaluate the inner products, («| ) and (8 |«), using matrix multiplication.

(3 f 2 2
(a| By =alb= [ -2 0] =(=i =2 4){0] =(=0)(@)+(—2)(0) + (4)(2) =1+ 2i
—i 2 2
7 f 7 7
(Bla)=bla= |0 =2 =(=i 0 2)[-2]) = (=)&) +(0)(~=2) + (2)(~) =1 — 2
2 —i —i

Indeed, (f|a) =1—2i = (14 2i)* = (| 5)*. Use matrix multiplication again to construct A, the
matrix representing the operator A = |a) (S| with respect to the |1),|2),|3) basis.

A\ i\ i @)(=i)  ()0)  (@)(2) 10 2
A=abl = [-2] 0] ={-2](-=i 0 2)=[(-2)(=) (-2)(0) (-2)2)| =] 28 0 —4
—i) \2 —i (—i)(=i) (=)(0) (=i)(2) -1 0 -2
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A is not hermitian because

1 —2i —1 10 2
Al = 0 0 O0]#£|2 0 —4|=A
-2 -4 2 -1 0 —2i
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